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Abstract. Inequalities are derived for sums and quotients of eigenval- 
ues of magnetic Schrodinger operators with non-negative electric poten- 
tials in domains. The bounds reflect the correct order of growth in the 
semi-classical limit. 



1. Introduction and main results 

In this paper we derive inequalities for the eigenvalues of magnetic Schro- 
dinger operators in a domain. Such inequalities have received a lot of atten- 
tion in the case where both the electric and the magnetic potential are ab- 
sent. If < A]* < < • • • denote the eigenvalues of the Dirichlet Laplacian 
in a domain C M'^ of finite measure, then the Berezin-Li-Yau inequality 
O states that 

(1.1) E(^-\V<^-.if^iA^+'^/^ 

for any A > 0. Here 

(1.2) Vd:=\^''-^\/d = ^''l^/T{l + d/2) 

denotes the volume of the d-dimensional unit ball. Performing a Legendre 
transform in (II. ip one obtains (see [LW| ) 

(1.3) V A° > 

The important point of the estimates (jl.ip and (jl.3p is that they are sharp 
in the semi-classical limit. Indeed, according to Weyl's theorem, see, e.g., 
[LLllRS] . 



(1.4) A° ~ AT^^f'^M-^'V^ k ^ oo, 

which implies sharpness of (jl.ip as A ^ oo and of ()1.3p as A; ^ oo. 

Given the lower bounds (jl.ip and ()1.3p on eigenvalue sums it is natural 
to ask for upper bounds which have the correct asymptotic behavior. In [L] 
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it is shown that 

for all A > where u; > denotes the normalized eigenfunction corre- 
sponding to the eigenvalue A^- Later it was observed in [H] that by an 
isoperimetric inequality of Chiti [Cj ||u;||oo can be bounded from above in 
terms of the eigenvalue A^ . This yields the estimate 

(1.6) j;(A - A°)+ > ^H,Hx^,)-'/Hx - X\f:'/' 

j 

with a non-sharp but explicit constant 

2d 



(1-7) Hd:--2 ( ■ \- 

•?{d-2)/2'^d/2U{rf-2)/2j 

Here denotes the Bessel function of order v and jy its first positive zero. 
Passing to the Legendre transform one finds 

(1.8) ^(A° - A?) < A?^^+^/^. 

Both inequalities (II. 6p and (jl.Sp reflect the correct order of growth with 
respect to k as given by (jl.4p . However, note that X\ in these inequalities 
replaces in ([LlD and ([O]). This can be used to derive upper bounds 

on the eigenvalue ratios Xk/Xi from (|1.6p and (jl.Sp . The sharp constant in 
the case k = 2 was found in [AB3] . 

The purpose of the present paper is to show that the inequality ()1.6p 
and its corollaries extends, with the same constant, to the case of a non- 
trivial magnetic field and a non-negative electric potential. More precisely, 
let Q, C M"^, d > 2, be a domain of finite measure, let V G Li^iod^) be non- 
negative and let A G L2,ioc{^,'^'^) be arbitrary. We define the Schrodinger 
operator 

H := {D - A)'^ + V inL2(0) 
by closing its quadratic form on Cq°{^}). We assume that this operator has 
compact resolvent and denote its eigenvalues by < Ai < A2 < ■ . ., where 
each eigenvalue is repeated according to multiplicities. 
Our main result is 

Theorem 1.1. For any A > one has 

(1.9) ^{X - X,U > ^^.-^^r^/^A - AOr^^ 

j 

with the constant from (jl.7p . Moreover, for any k G'N one has 

(1.10) E(A,-AO<^^rAifc^^^/^. 
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From these estimates on sums of eigenvalues one easily obtains estimates 
on the ratio \k+i/\i- 

Corollary 1.2. For any € N one has 

(1.11) A,+,< l^l+j^l + ^^^'iffV/x^A,, 

We emphasize that both estimates in Corollary [TT2] have the correct order 
of growth as /c — > oo. Indeed, the asymptotics (jl.4p are also valid for the 
eigenvalues provided V, A and O are sufficiently regular. 

For large values of k the bound (|1.12p is better than (jl.lip . For small 
values of k (11. lip is better than (I1.12p . but an even better bound is given 
by 

(1.13) Afc+1 < + ^ eN. 

The latter is a Payne-Polya- Weinberger-type bound. The different constants 
in the bounds (jl.lip . (jl.l2p and (jl.l3p are further discussed in [H]. 

We emphasize that all our bounds are known in the case V = A = 0, 
see [H]. Our point is that they extend, with the same constants, to the 
case of a non-trivial magnetic field and a non-negative electric potential. 
This is non-trivial since the diamagnetic inequality apparently gives only 
information about the lowest eigenvalue. In particular, it seems not clear 
to us whether the PPW-conjecture (see |AB3] ). namely that the quotient 
A2/A1 is maximized for a circle and V = 0, extends to the magnetic case. 

We remark that our inequalities are also true if d = 1, but in this case 
much stronger results are known. (Recall that any magnetic field in one 
dimension can be gauged away.) In particular, if y > 0, then one has the 
sharp inequality Afc/Ai < k'^, see [AB2j . A beautiful proof of this inequality 
for k = 2 is given in jABlj. 

Acknowledgements. The authors would like to thank Mark Ashbaugh for 
several helpful remarks. Partial financial support through the SPECT ESF 
programme (R.F., A.L.) and the Gustafsson's foundation (S.M.) is gratefully 
acknowledged. The first two authors appreciate the hospitality of the Isaac 
Newton Institute Cambridge where this work was completed. 

2. Proof of Theorem 11.11 

2.1. Main ingredients. Our proof of Theorem 1 1.1 1 is based on three propo- 
sitions which might be of independent interest. We defer their proofs to the 
following sections. First, we derive a lower bound on the eigenvalue sum 
^^•(A — Aj)+ in terms of A and the maximum of the lowest eigenfunction. 
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Proposition 2.1. Let lo he an eigenfunction corresponding to the lowest 
eigenvalue Ai of H with \\lo\\ = 1. Then for any A > one has 

with Vd given in p.2p . 

In the case V = A = this is Theorem 4.1 in [L]. It turnd out that 
almost the same proof holds even for arbitrary A and V > 0. We emphasize 
that in the magnetic case the lowest eigenvalue Ai may be degenerate and 
Halloo may depend on the choice of the eigenfunction. Some inequalities of 
the same spirit have been obtained in [S] for elliptic differential operators 
with variable coefficients. 

In order to use Proposition 12.11 for the proof of Theorem 11.11 we need to 
estimate the maximum of the lowest eigenfunction in terms of the corre- 
sponding eigenvalue. 

Proposition 2.2. Let A be an eigenvalue of H and to a corresponding eigen- 
function. Then for any p > 

(2.2) ||u;|U < Cd(p)A'^/2p||^||^^ 
with the universal constant 

—i/p 

Caip) = (^2P('^-2)/2r((i/2)P|S'^-i| l^'''''%_2y^{r)r-P(''-^y^^''-' dr^ . 
In particular, 

(2.3) C,(2) = (^"/'2^-2r(d/2)j(V2)/2^,%(j(,_2)/2)) • 

In the case V = A = this is a result of Chiti [C]. Non-negative electric 
potentials can be included without major changes, as was done in jAB3j . 
Using Kato's inequalitiy we shall show that the same proof even works for 
a non-trivial magnetic field. 

We emphasize that (12. 2p is an isoperimetric result: If $7 is a ball, V = 
curl A = and A is the lowest eigenvalue of H, then one has equality in 
(12. 2p . This explains the value of the constant Cd{p)- To discuss the cases of 
equality would be beyond the scope of this paper. 

The third ingredient employed in the proof of our main results is the 
following Yang-type inequality. 

Proposition 2.3. For any A; E N one has 

(2.4) ^^(Afc+i - A,) (a,+i - (l + A,) < 0. 

This result in the case V = A = Q \s due to Yang [Y] . A slightly stronger 
result in the case of arbitrary V and A is contained in Theorem 5 in [HS J ; for 
results in the same spirit see [LP| . A different proof (for arbitrary > 0, 
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but A = 0) was given in [A]. In Section [5] we shall show that this proof 
extends to the case of a non-trivial magnetic field. 

One can deduce from Theorem 12 . 31 sever al weaker but more explicit eigen- 
value estimates. 

Corollary 2.4. For any A; G N one has 

(Y) A,.+i<(l + ^)iE-=iA,, 

(HP) IZUx^^i 
(PPW) A,+i-Afc<|iE-=iA,. 

In the case V = A = these estimates are known as second Yang inequal- 
ity, Hile-Protter inequality and Payne-Polya- Weinberger inequality, respec- 
tively. For any k one has the implications 

(2.5) (EaD (Y) (HP) (PPW). 

The proof of (j2.5p is based on general arguments (see [A]) and will not be 
reproduced here. 

Remark 2.5. Note that (PPW) imphes IHTlM . Indeed, estimating I Yl'j=i Aj < 
Afc we obtain Afc+i/A^ < l + 4/(i. Multiplying these estimates for consecutive 
values of k we obtain (I1.13|) . 

2.2. Proof of the main results. We now show how Theorem 11.11 and 
Corollary 11.21 follow from Propositions 12.11 12.21 and 12.31 

Proof of Theorem To get (|1.9|) we simply combine the estimates (|2.ip 
and ([22]) and note that Ha = {2'Kfv^^Cd{2f. 

To deduce (|1.10p from (|1.9p we use the Legendre transform argument from 
[LWj . Indeed, for a function h on [0, oo) put Lh{p) := sup;^>o(pA — h{X)). 
So if /(A) := E,(A - A,)+ and g{X) := ^H^X-^'^X^ - xf^'"\ then 

[p\ 

Lfip) = MA[p]+i + ^Aj 
i=i 

(with {p}, [p] the fractional and integer parts of p) and 
L9{p)=pX, + ^^H'/x^p'^^/'. 

Now f > g implies Lf < Lg, and evaluating the latter at an integer p = k £ 
N we obtain ^jQi). □ 

Proof of Corollary \1.SX For the proof of (jl.lip we put A = A^+i in (|1.9p 
and estimate Yl^j=i{^k+i ~ ^j) ^ ^(Afc+i — Ai). For the proof of (jl.lip we 
combine (Y) with (LTU\i . □ 
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3. Upper bound on eigenvalue sums 

In this section we prove Proposition l2.1[ We let ui := to and denote by Uj, 
j G N, orthonormal eigenfunctions corresponding to the eigenvalues Xj. We 
put 9^{x) := e^^'^u>{x), u := ||a;||oo and calculate as in [L] using Plancherel's 
equality 

(3.1) 



{2^)-'^u-^ V(A - [ [ Lj{x)uj{x)e-'^-'' dx 
(2vr)-'^^-2 / ^(A-A,)+|(%,u,)|2dC 



2 



3 

•oo 



(27r)-'^LD-2 / / (A - u)+d{E{u)e^, 0^) 



\Jq 



Here dE{v) denotes the spectral measure of H. We note that 

/ d{E{u)9i:,e^) = \\9i.f = \\Lof = 1. 
Jo 

Since the function v (A — z^)+ is convex, we can apply Jensen's inequality 
to get 

(3.2) 



/•oo / noo \ 

/ {\-u)+d{E{v)e^,ei{)>(\- z/d(i?(z.)%,%) 

Jo \ Jo / , 

= (^x- lj\iD-A)e^\' + v\e^\') dx^^. 

We shall need the following simple 
Lemma 3.1. For any ^ G M'^ one has 

(3.3) / {\{D- A)e^\-' + dx = Xi + 
Jn 

Proof. We denote by h the quadratic form of the operator H, i.e., 

h[u]= [ {{{D - A)u\'^ + V\u\'^) dx. 
Jn 

An easy calculation shows that 

(3.4) h[9^] = x^ + \C\-' + 2j.C 
where 

j := Im / lJ(V — iA)LO dx, 
Jn 
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and we have to show that j = 0. Assume to the contrary that j 7^ and 
choose ^0 such that j ■ Co < 0- Then in view of (|3.4p . /i[0ego] < Ai for all 
sufficiently small e > 0. But this contradicts the variational characterization 
of the lowest eigenvalue. □ 



Combining (13. Ih . (13. 2p and (13. 3p we arrive at 

^(A - A,)+ > (2vr)-'^cD-2 / (A - Ai - 



(2v^)-'^^-2.,^(A-A0r^^ 



which proves the assertion. 



4. ElGENFUNCTION ESTIMATES FOR MAGNETIC SCHRODINGER 

OPERATORS 

4.1. A non-sharp bound. As we pointed out after Proposition 12. 2^ the 
constants in (j2.2p are sharp. Before giving its rather involved proof we 
would like to derive a (non-sharp) estimate which still has the correct form 
needed in the proof of Theorem II. li More precisely, we shall prove that if 
ijj is an eigenfunction corresponding to an eigenvalue A of i?, then 

llc^lloo < QA'^/^llc^lb, 

with 

Cd = {e/d7:f'\ 

To see this, we note that by the diamagnetic inequality and the Feynman- 
Kac formula [D] one has for all t > and all 2; G 17 the pointwise estimate 



(e^'^io) {x)\ < (e*^|w|) (x). 



Here |ci;| is extended by to M'* and e*'^ denotes the heat semi- group on W^. 
Using the explicit expression of its kernel we can estimate 

(e*^|c^|) (x) < (47rt)-<^/2 (^^^ e'l^-^l'/^* dy^^ V1I2 = (47rt)-'^/4||a;||2. 

Combining the previous two relations and optimizing with respect to t we 
arrive at 

\lo{x)\ < inf e*^(4^t)-°'/^||w||2 = (e/dvr)'^/^ A'^/^||a;||2, 



as claimed. 
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4.2. Proof of Proposition 12. 2L Now we turn to the sharp bound ()2.2|) . 
We introduce the ball 

S := {x G M'^ : |x| < jid-2)/2^-'^^} 

and the function 

z{x) := \x\-^''~'y'Jid-2)/2iVX\x\). 

Note that S is the ball centered at the origin for which the Dirichlet prob- 
lem (with V = A = 0) has lowest eigenvalue A. The function z is the 
corresponding eigenfunction. Next we introduce the ball 

(4.1) n* ■.= {x€R'^ -.{xi <v^^^'^\n\^/'^} 

centered at the origin with the same volume as fi. The constant Vd is the 
volume of the d-dimensional unit ball, see (jl.2p . 

Lemma 4.1. One has 5 C il*. 

Proof. We denote by Ai(— A, O) the lowest eigenvalue of the Dirichlet Lapla- 
cian on a domain O. Note that by definition of S 

\i{-A,S) = X. 

Now the variational principle together with the diamagnetic inequality and 
the non-negativity of V imply 

A > \i{-A,n). 

Finally, the Faber-Krahn inquality states that 

\i{-A,n) > Xi{-A,n*). 

Combining the previous relations we obtain Ai(— A,^) > Ai(— A,!]*). By 
the variational principle, this implies S" C il*. □ 

We denote by : ri* — > [0, oo) the spherically decreasing rearrange- 
ment of oj, see |LLj . We note that z is a spherically decreasing function. 
(This follows either by properties of Bessel functions or by rearrangement 
arguments.) In particular, 

(4.2) \\z\\^ = z{0). 

The core of Proposition 12.21 is the following comparison result. 

Lemma 4.2. Assume that uj is normalized such that \\uj\\Laoi^) ~ ll-^IUoo(5)- 
Then 

u!*{x) > z{x), X £ S. 

We defer the rather involved proof of this lemma to the next subsection. 
Now we shall use it to give the 
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Proof of Proposition \2.2l By Lemma 14.21 one has 

ML^{s)^*ix) > \\uj\\L^^n)z{x), xe S. 
Hence according to rearrangement properties [LLj and Lemma l4.ll 

/ A c)\ MM M*M \M*M \ 1 1 1 1 (S) II II 

l4.3j (n) = \\uj IIl (n*) > \\uj \\lj,{s) > ir-ji \\^\\L^(n)- 

IpIILoo(5) 

The asymptotics r'^'^''^^/'^ J(^a-2)/2(.r) r(d/2)-i2-('^-2)/2 r ^ (see 
[XSl (9.L7)]) and ^ imply 

\\z\\lj,(s) 

In the special case p = 2 we use (see |AS1 (11.4.5)]) 

J(d-2)/2 \ 

rjfd~2)/2{r)dr = ^jfd^2)/2'Jd/2ij{d-2)/2) 

and = d7r'^/^/T{{d + 2)/2) to get the claimed expression. □ 

4.3. Proof of Lemma 14.21 Since z is a radial function, there is a function 
V on [0, \S\] such that 

v{vd\x\'^) = z{x), X G S. 

Here Vd is the volume of the unit ball, see (|4.ip . From the differential 
equation satisfied by z one derives easily the integro-differential equation 

(4.4) - v'{s) = d^2^;j2/rf^^-2+2/d r < s < 

Jo 

for V. Our next goal is to derive a similar integro-differential inequality for 
uj*. Namely, we let u be the function on [0, such that 

u{vd\x\'^) = io*ix), xeU*. 

Note that u is a decreasing function with n(0) = ||i^||oo and ^^d^^l) = 0. 

Lemma 4.3. One has 

(4.5) - U'{s) < d-^t,^ 2/d^^_2+2/d r < s < 

^0 

Proof. We recall Kato's inequality |Sll IS2j . 

Re {{sgnw){D - Afw) > -A\w\, 



where sgn?i;(x) = w{x)/\w{x)\ if w{x) ^ and sgn?i;(x) = otherwise. 
Since y > we have 

A|u;| = Re {{sgnuj){{D - Af + V)io) > -A\uj\. 

We integrate this inequality over the set > t} and use Gauss's theorem 
in the form 

A\w\dx= / |V|t(7||d(T. 
{\w\>t} J{H=t} 
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Here da denotes (d — 1) -dimensional surface measure. We obtain 

(4.6) A / \uj\dx> i \V\uj\\da. 

J{\i^\>t} J{H=t} 

The next step is to estimate the surface integral on the RHS from below. 
We introduce the distribution function 

li{t) := |{x E r2 : \oj\ > t}\ 

and recall the coarea formula 



V|a;||"^ da] \ I |V|a;|| dcr 

} / \J{\i^\=t} . 



-fi'{t) = / |V|w||"^d(T. 
J{H=t} 

Hence by Cauchy-Schwarz 
am=t}f< ( [ 

= — / I ^1"^! I c^*^- 

J{H=t} 

Combining this with the isoperimetric inequality 

a{{\u;\=t})>dv'J'f,{t)'-'/' 

we finally arrive at 

|V|a;|| da > d^^^"" fi(t f-^/''{-fi' {t))-\ 



'{H=t} 

Combining this with ()4.6p we have shown that 

< d-\^^''X I \u\ dx. 

J{\iu\>t} 

It remains to substitute t = u{s) and to note that when u{s) ^ 0, 



= s2-2/'^(-n'(s)), / \Lo\dx= / u{r) dr. 

J{\uj\>t} Jo 

This proves the assertion. □ 
Now everything is in place for the 



Proof of Lemma \4-3\ The strategy is to construct a trial function g for —A 
on S which is as good as z and hence must coincide with z. We distinguish 
two cases, namely whether l^l < |suppw| or not. We begin by assuming 
that this strict inequality holds. Recall the definition of the functions n, 
V before Lemma 14.31 Both functions are decreasing and the normalization 
condition = ||^;||loo(5) ™eans n(0) = v{0). Moreover, u is strictly 

positive on [0, \S\]. (This is where we use that \S\ < \ suppa;|.) Hence 

c := max v(s)/u(s) 
0<s<\S\ 
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is finite and greater or equal to 1. We have to prove that c = 1. For this 
we choose a point so S [0, 15"!) such that v{so) = cu(so). (The point can be 
chosen smaller than IS"! since fd/SI) = 0.) Defining 

{ v{s), so<s< \S\, 
it follows from ()4.4p . ()4.5|) and the definition of c that w satisfies 
(4.7) - w'{s) < 2/d^^-2+2/d r < s < 



Now we define g{x) := 'w{vd\x\'^) for x £ S and note that g € H^{S) with 



\s\ 

\g\"^ dx = I \w\ ds 



and, using 



\Vg\^dx = d\l^'' l'^^\wfs'-'/''ds 



<A / {—w'{s)) I w{r)drds 



■■\s\ 

A / Iwl"^ ds. 



Recall that A is the lowest eigenvalue of —A on S. Since it is simple and has 
z as a corresponding eigenfunction, we conclude that 51 is a scalar multiple 
of z. Hence w is a, scalar multiple of v. Since w and v coincide on [sq, \S\] 
they coincide everywhere. Hence cu{s) = v{s) for all < s < sq. Evalu- 
ating at s = we find c = 1, which proves the assertion in the case under 
consideration. 

Now we turn to the case IS*! > |suppw|. Note that by Lemma 14.11 we 
know that S C Cl*. We extend lo* by to S (if | suppw| < IS*!), and denote 
the resulting function by g. Lemma 14.31 and the same calculation as in the 

o 

first part of the proof imply that g G H^{S) with 

[ \Vg\'^dx <x[ \g\'^dx. 
Js Js 

As before, this implies that g is a scalar multiple of z and, after evaluation 
at X = 0, that g = z. This proves the assertion also in this case. □ 



5. Yang inequalities for magnetic Schrodinger operators 

We turn now to the proof of Proposition 12.31 We work under the same 
assumptions on V and A as in the previous sections. Again we denote 
by Uj, z G N, orthonormal eigenfunctions corresponding to the eigenvalues 
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Aj. Throughout the proof we will fix A; G N. Moreover, for any 1 < i < k 
and any 1 < Z < d we define the function 

k 

tpi := xiUi - " 

i=i 

and note that 



(5.1) ((^„nj) = 0, l<j<k. 

Hence the variational principle implies 

^^•^^ J]^x 

(with the convention that the RHS is infinite if ipi = 0). Using the commu- 
tator identity 

(5.3) [{D-Af,xi] = -2i{Di-Ai) 

and the orthogonality (jS.ip one easily finds 

j (|(L> -^)(/?ip + y|(^i|2) dx = Xi j |(/7ipo!x + 2Im j {Di- Ai)uiTpldx, 

which, together with ()5.2p . leads to 

, . \ \ ^ ^ImJjDi - Ai)uilp:[dx 

Afc+i — Ai S F-j pr-^ . 

J Wi\ dx 

Next, we manipulate the numerator. We note that 

f f dui f dluA'^ 

2Im j [Di — Ai)uiXiUi dx = —2Yle j -^-^xjul dx = — j ^i~q~ — 



|u,-P dx = 1, 



and hence 



(5.5) 21m {Di — Ai)unpi = 1 + 2 Re ^ aijbij 
where we have set 

bij := i J{Di - Ai)uiUjdx. 
With the help of (j5.3p we calculate 

(^xiUi{D — Ayuj ~ {D — A)'^UiXiUj^ dx = (Aj — Aj)a, 
Hence (|5.5p becomes 

(5.6) 2Im / (A - Ai)ui^idx = 1 + ^(A^ - Xj)\a,j\^ 
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Now we use the Cauchy-Schwarz inequality to estimate the numerator in 
(1131) • Note that by (f5J|) 



Im 

and hence 



J {Di - Ai)unpi dx = lm j i^Di - Ai)ui + iy^^njj 



(fi dx 



Im j (Di - Ai)unpidx 



< 



{Di- Ai)ui + \Y^ biji 
i\Ux^ (^J \{Di-Ai)ui\Ux-Y,^\bij\^^ 



<fi\Ux / \{Di - Ai)ui\Ux 



Combining this inequahty with (j5.4p and (|5.6p we arrive at 



Afc+i — Aj < 
Equivalently, 



4 / |(A - - Ej=i(A» - |ai 

1 + EL(A.-A,)|a.,|2 



i)ui\'^dx. 



(5.7) (Afe+i - Ai) + (Afe+i - A,)(Ai - A,) ^ ja^.f < 4 f \{Di - A 

Now we write ajj; instead of Uij to emphasize the dependence on /, and 
define 

d 



1=1 



Summing (j5.7p over Z and using that F > we obtain 

k 

d{Xk+i - Xi) + (Afc+i - Xj){Xi - Xj) ^ Aij < 4Aj 



Note that = Aji. In order to (anti-)symmetrize, we multiply by (A^+i 
Xi) and sum over i. The resulting inequality is 

k k 

d J^(Afe+i - Xif < 4 ^ A,(Afe+i - Xi). 



i=l 



i=l 



This completes the proof of Proposition 12. 3i 
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